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Abstract
In this paper, we study the localization of Kalb-Ramond (KR) tensorial gauge field on a non-flat de Sitter
thick brane. The localization and resonance of KR gauge field are discussed for three kinds of couplings.
For the first coupling there is no localized tensorial zero mode. For the other two couplings, the zero mode
of KR field can be localized under certain condition. There are resonant KK modes on the thick brane
for the third case. Furthermore, we mainly analyze the effects of three parameters on the localization and
resonant mode for KR field.
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I. INTRODUCTION
Inspired by the String/M theory, the braneworld theory was proposed as an alternative to solve
the long-existing gauge hierarchy problem [1–6] and cosmology problem [7–10]. This theory has
attracted much attention since Arkani-Hamed, Dimopoulos and Dvali (ADD) [1] and Randall-
Sundrum (RS) (resp.RS1, RS2) models [2, 11] were presented, with a new idea that we live on a
thin membrane embedded into a higher-dimensional bulk. In the original RS models, the brane
thickness is ignored. However, from string theory’s viewpoint, a brane should have a minimal
length scale. In the field theories, the scalar fields are introduced to generate the topological
defects, which are essential for the appearance of thick brane [12, 13].
The localization of various matter fields is an interesting subject in braneworld senario, because
it guides us to understand the zero mode of bulk fields more phenomenologically. In general,
massless scalar field and graviton can be localized in the RS thin brane or its generalizations
[14–17], but it is not true for free vector and Kalb-Ramond (KR) tensor fields [18–20, 23]. The
localization of the fermion field can be guaranteed by introducing the scalar-fermion coupling
[24, 25], or a derivative geometrical coupling [26]. While for a free massless vector field, it cannot
be localized on the RS2-like branes in five dimensions [27], but can be localized on some non-RS2
brane models, for instance, the thick Weyl brane [28] and a string-like defect [29] and so on. In
addition, the vector field can be localized on the thick brane if one adds a dilaton scalar field [30], a
5D Stueckelberg-like action [31] or a topology term to the 5D vector action [32]. Recently, one of
work is of particular interest: the authors of [33] suggest a localization mechanism which includes
a function of scalar curvature in the 5D vector field action.
In low-energy superstring models, the effective theories support the existence of higher spin
fields. Motivated by the previous researches on vector field, our main subject is to answer the
following question: how to localize the higher-spin gauge field on a thick brane? The simplest
case of higher rank fields to be studied is the KR field (i.e., a rank-2 antisymmetric field). KR
field emerges as a mode of massless excitations of closed strings [34], and describes the torsion
of a Riemannian-Cartan manifold [35] as well. For the free KR field, it is failed to localize it in
a thick brane with the standard action. The mechanisms for gauge field localization are mainly
three-fold: firstly, a general mechanism with a coupling between the gauge field and an additional
dilaton field [19, 22, 30, 36]; secondly, a mechanism to localize gauge field on thick brane directly
coupled to the background scalar field [13]; thirdly, the mechanism for gauge field localization on
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thick branes based on a five-dimensional Stueckelberg-like action [31].
The previous works on the localization of the Kalb-Ramond field are investigated based on a
flat 3-brane [20–22]. In this paper, following the work of Ref. [13] with the coupling directly
with the background kink scalar, we will analyze the localization on a non-flat dS 3-brane. In
more detail, the brane possesses de Sitter symmetry instead of the Poincare´ one. For positive scale
factor parameter, the brane has a expanding solution. While for the vanishing parameter, the brane
has a Minkowski metric.
In Sec. II, we briefly review the action of the thick brane system and derive the equations of
motion. Then, in Sec. III, a Schro¨dinger-like equation and the corresponding effective potential
are obtained. In Sec. IV, we investigate the localization and resonance of KR tensor fields on this
thick brane. Finally, our conclusion is given in Sec. V.
II. BRANE SETUP AND FIELD EQUATIONS
We consider a thick dS brane embedded into a 5D spacetime, and the thick dS brane is generated
by one real scalar field coupled to gravity minimally. The action of our system is expressed as
S =
∫
d5x
√−g
[
1
2κ2
5
R − 1
2
gMN∂Mφ∂Nφ − U(φ)
]
, (1)
where κ5 is the 5D coupling constant, and U(φ) is the scalar field potential. Here we set κ5 = ~ =
c = 1 for simplicity.
For a expanding and maximally symmetric dS brane, the 5D metric ansatz is assumed as
ds2 = e2A(z)
(
gˆµνdx
µdxν + dz2
)
= e2A(z)
( − dt2 + e2βtdxidxi + dz2), (2)
where e2A(z) is the warp factor and and e2βt is the scale factor of the brane. For positive and
vanishing scale factor parameter β, one will obtain the expanding and static solutions, respectively.
The warp factor A(z) and the scalar field φ only depend on the extra coordinate z. With the metric
ansatz (2), the variation of the action (1) with respect to the metric gMN and the scalar field φ yields
the following field equations,
φ′2 = 3(A′2 − A′′ − β2), (3)
U(φ) =
3
2
e−2A(−3A′2 − A′′ + 3β2), (4)
dU(φ)
dφ
= e−2A(3A′φ′ + φ′′), (5)
3
where the prime denotes derivative with respect to z. A thick dS brane solution for this system was
found in Refs. [37, 38]:
U(φ) =
1 + 3δ
2δ
3β2
(
cos
φ
φ0
)2(1−δ)
(6)
e2A = cosh−2δ
(
βz
δ
)
, (7)
φ = φ0 arctan
(
sinh
βz
δ
)
, (8)
where φ0 =
√
3δ(1 − δ), 0 < δ < 1, β > 0. The warp factor and the background scalar field are
depicted in Fig. (1). It can be seen that the warp factor indicates a thick brane centered at the
FIG. 1: Plots of e2A(z) and φ(z), where e2A(z) is the warp factor in Eq. (7) and φ(z) is the scalar field in Eq. (8).
The parameters are set to δ = 1/2, β = 2.
origin y = 0, and the scalar field has a kink configuration with ±pi
2
φ0 at z → ±∞, corresponding
to two consecutive minima of the potential U(φ). From the expressions of warp factor and scalar
field, one can calculate the energy density ρ(z) along the extra dimension,
ρ(z) =
3β2(1 + δ)
δ
cosh−2−2δ
(
βz
δ
)
. (9)
which is plotted in Fig.(2). This figure shows that increasing the values of the parameter δ makes
the brane thicker, and δ parameterizes the thickness of the 3-brane.
III. SCHRO¨DINGER-LIKE EQUATION AND EFFECTIVE POTENTIAL
In this part, we will discuss the influence of coupling with the background scalar field on the
localization of KR field. The KR field Bµν couples directly with background scalar field in a
4
FIG. 2: Plots of the energy density ρ(z) in Eq. (9). The parameter is set to β = 2.
combination defined by the action:
S =
∫
d5x
√−g
[
f (φ)HMNLH
MNL
]
, (10)
where HMNL = ∂[MBNL] is the field strength, f (φ) is the coupling with the background scalar field.
From the action and metric ansatz, the equation of motion for the KR field is expressed as
∂R
[√−g f (φ)HRPQ] = 0. (11)
Considering the antisymmetry of the KR field strength, the equation of motion can be transformed
into
f (φ)∂µ
[√−gHµνλ] + ∂5 [√−g f (φ)H5νλ] = 0,
f (φ)∂µ
[√−gHµν5] = 0. (12)
By choosing the gauge condition Bµ5 = 0, and making the Kaluza-Klein (KK) decompositon of
the KR field as
Bνλ =
∑
n
bνλ(n)(x)χ(n)(z)Ω(z), (13)
the field strength becomes
Hµνλ =
∑
n
e4A(z)hµνλ(n)(x)χ(n)(z)Ω(z), (14)
where hµνλ(n)(x) is the 4D part of KR field strength on the brane. Substituting Eq.(13) into Eqs.(12),
we get the following equations
∂τ
( √
−gˆhτµν
(n)
)
=
1
3
m2nb
µν
(n)
√
−gˆ, (15)
∂5
(
e−A(z) f (φ)∂5
(
e4A(z)χ(n)(z)
)
Ω(z)
)
= −m2ne3A(z) f (φ)χ(n)(z)Ω(z). (16)
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By eliminating the first derivative term of χ(n)(z), i.e.,
7A′(z) f (φ)Ω(z) + f ′(φ)Ω(z) + 2 f (φ)Ω′(z) = 0, (17)
Eq.(16) can be transformed into a Schro¨dinger-like equation,
[
− d
2
dz2
+ Veff(z)
]
χ(n)(z) = m
2
nχ(n)(z), (18)
where the effective potential Veff(z) of the Schro¨dinger-like equation is given by
Veff(z) =
(
4A′(z) +
Ω′(z)
Ω(z)
)2
−
(
4A′(z) +
Ω′(z)
Ω(z)
)′
. (19)
In fact, the Schro¨dinger-like equation (18) can also be written as
Hχ(n)(z) = m2nχ(n)(z), (20)
where
H = Q+Q =
(
−∂z + 4A′(z) +
Ω′(z)
Ω(z)
) (
∂z + 4A
′(z) +
Ω′(z)
Ω(z)
)
(21)
with Q = ∂z + 4A
′(z) + Ω
′(z)
Ω(z)
. As the operatorH is positive definite, there are no tachyonic modes
with negativem2n. Considering the KK decomposition of the KR field (13), we derive the 5D action
as
S KR =
∫
d4x
√
−gˆ
[
f (φ)hµνλ(l)h
µνλ
(m)
+
1
3
m2l
√
−gˆbµλ(l)(x)bµλ(m)
] ∫
e7A(z) f (φ)χ(l)(z)χ(m)(z)Ω
2(z)dz.
It is worth to note that if we impose the orthonormality condition between different massivemodes,
∫
e7A(z) f (φ)χ(l)(z)χ(m)(z)Ω
2(z)dz = δlm, (22)
the 5D action can be reduced to the 4D effective one,
S KR ∝ S eff =
∫
d4x
√
−gˆ
[
f (φ)hµνλ(m)h
µνλ
(m)
+
1
3
m2m
√
−gˆbµλ(m)(x)bµλ(m)
]
.
IV. MASSIVE SPECTRA AND RESONANCE
In this section we will investigate the localization of KR field under three different couplings
directly with the background scalar field. If the KR field is localized with certain kind of coupling,
we further investigate the mass spectra of the KK mode or resonant structure.
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A. Case I: f (φ) = φk
Firstly, we consider the simple case of f (φ) = φk, where φ is the background scalar field and k
is a positive parameter. From Eq. (17), the function Ω(z) for this case reads
Ω(z) = e−
7
2
A(z) f (φ)−
1
2 = cosh
7δ
2
(
βz
δ
) [ √
3(1 − δ)δ tan−1
(
sinh
(
βz
δ
))]− k2
. (23)
According to Eq.(19), the corresponding effective potential is expressed as
Veff(z) =
β2sech2
(
βz
δ
)
8δ2 tan−1
(
sinh
(
βz
δ
))2 [2k2 + 4(δ − 1)k sinh
(
βz
δ
)
tan−1
(
sinh
(
βz
δ
))
− 4k (24)
−δ2 tan−1
(
sinh
(
βz
δ
))2
+ δ2 cosh
(
2βz
δ
)
tan−1
(
sinh
(
βz
δ
))2
+ 4δ tan−1
(
sinh
(
βz
δ
))2
].(25)
The values of Veff(z) at z = 0 and z → ±∞ read
Veff(0) =

+∞, 0 < k < 2
−∞, k > 2
Veff(±∞) = 0. (26)
We can find the effective potential tends to be zero when z → ±∞. In the case of 0 < k < 2,
the values of Veff(z) → +∞ when z → 0, and the potential has a potential barrier. Otherwise,
Veff(z) → −∞ when z → 0 , and the potential has a potential well. From the Schro¨dinger-like
equation (20), the solutions of the KR field zero modes are given by
χ(0)(z) ∝ e−4A(z)Ω(z)−1. (27)
In order to localize the zero modes on the brane, they should satisfy the normalization condition∫ +∞
−∞
e7A(z) f (φ)χ(0)(z)χ(0)(z)Ω
2(z)dz < ∞, (28)
which can be converted into ∫ +∞
−∞
e−8A(z)Ω−2(z)dz < ∞. (29)
The integrand function is expressed as
e−8A(z)Ω−2(z) = sech−δ
(
βz
δ
) [ √
−3δ(δ − 1) tan−1
(
sinh
(
βz
δ
))]k
. (30)
When z → ∞, sech(βz
δ
)−δ → 0 and tan−k(sinh(βz
δ
)) → (pi
2
)k with δ < 0. The integral in Eq. (29) is
finite when δ < 0, however, the background solution requires 0 < δ < 1. Thus, the value of δ does
not satisfy the normalization condition and this coupling fails to make the KR field localize on the
thick dS brane.
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B. Case II: f (φ) = cosk φ
Next we consider f (φ) = cosk φ, for this coupling the effective potential is given by
Veff(z) =
β2(δ − k)sech2
(
βz
δ
) (
−δ + (δ − k) cosh
(
2βz
δ
)
+ k + 4
)
8δ2
, (31)
which has the asymptotic behavior of a finite square-well like potential: Veff(z → ±∞) → constant
and Veff(0) =
β2(δ−k)
2δ2
. Since Veff(0) < 0 with δ < k and the value of Veff(z → 0) is a positive constant
at infinity (this kind of potential is also called Po¨schl-Teller (PT)-like), the effective potential
provides a mass gap to separate the zero mode from the KK modes. Figure (3) gives a detailed
description of the effect of the parameters β, δ and k on the effective potentials. It can be seen
that, with the increase of β and k, or the decrease of δ, the effective potential becomes deeper and
thinner.
(a)δ = 0.2, k = 3 (b)β = 3, k = 3
(c)β = 3, δ = 0.2
FIG. 3: Plots of the effective potentials Veff(z) for different values of β, δ and k.
The expression of the zero mode χ(0)(z) in this case reads
χ(0)(z) ∝ cosh
δ−k
2
(
βz
δ
)
, (32)
8
(a)β = 0.2, δ = 0.2, k = 3
FIG. 4: Plots of the effective potentials Veff(z) (the blue line) and the zero mode χ(0)(z) (the dashed red line)
for coupling II. The parameters are set to β = 0.2, δ = 0.2, k = 3.
and the shapes of the effective potential Veff and the zero mode χ0(z) are shown in Fig. (4). As the
case I, the normalization condition is
∫
χ2(0)(z)dz < ∞. (33)
When z → ∞, coshδ−k(βz
δ
) → 0 with the condition δ − k < 0. We have known the background
solution requires 0 < δ < 1. Therefore, in order to localize the KR field on the brane, we require
the parameter k satisfies the condition k > δ ∈ (0, 1).
Next, by introducing the parameters h = β/δ, α = k−β, the Schro¨dinger-like equation in Eq.(18)
is derived as: [
−∂2z −
(
α
2
+
α2
4
)
h2sech2(hz)
]
χ(n)(z) = Enχ(n)(z), (34)
where the energy is En = m
2
n − α2h2/4. If we further perform the following rescaling of the fifth
coordinate v = hz, and suppose τ = α/2 + α2/4, Eq. (34) can be written in the canonical form:
[
−∂2v − τ2sech2(v)
]
χ(n)(z) = Enχ(n)(z), (35)
where the energy now reads En = m
2
n/h
2 − α2/4. If the Schro¨dinger equation has a modified PT
potential, it has a exactly energy spectrum of bound states with τ = n(n+1), where n is the number
of bound states. In this case the energy spectrum of bound states reads
En = −h2
(
α
2
− n
)2
, (36)
or, in terms of the squared mass:
m2n = n(α − n)h2. (37)
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Changing α and h, we can get a series of KK mode massive spectrum. For example, the mass
spectra m2n of the KK mode are listed as:
m2n = (0, 3), for α = 4, h = 1; (38)
m2n = (0, 5, 8), for α = 6, h = 1; (39)
m2n = (0, 7, 12, 15), for α = 8, h = 1; (40)
m2n = (0, 28, 48, 60), for α = 8, h = 2; (41)
m2n = (0, 63, 108, 135), for α = 8, h = 3. (42)
The shapes of the effective potential and the mass spectra are shown Fig.(5), which reveals the
massive KK modes asymptotically turn into continuous plane waves when m2 > 60. By solving
(a)α = 8, h = 2
FIG. 5: Plots of the effective potential of scalar KK modes and the mass spectra (dashed red lines) for KR
field with the parameter α = 8, h = 2.
Eq.(34), we get the general solution of massive KK modes as
χ(n) = C1P
u
α
2
(tanh(hz)) + C2Q
u
α
2
(tanh(hz)) (43)
where C1 and C2 are arbitrary constants and u =
√
a2
4
− m2n
h2
; Puα
2
and Quα
2
are associated Legendre
functions of first and second kind, respectively. The shapes of wave function of four bound KK
modes are shown in Fig. (6) for the parameters α = 8 and h = 2.
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(a)n = 0 (b)n = 1
(c)n = 2 (d)n = 3
FIG. 6: Plots of the bound KK modes for KR field. The parameters are set to α = 8 and h = 2.
C. Case III: f (φ) =
(
sinh2
(
βz
δ
)
+ 1
)− δ
2
/
(
sinh−1
(
sinh
(
βz
δ
))2
+ 1
δ2
)−k
Here we choose a relatively complicated coupling f (φ) with negative parameter k. From Eq.
(17), the function Ω(z) for case III reads
Ω(z) = e−
7A(z)
2 sech−
k
2
(
az
b
)
(44)
From the expression of effective potential in Eq. (19), we can get the effective potential of the
Schro¨dinger-like equation as follows:
Veff(z) =
(
4A′(z) +
Ω′(z)
Ω(z)
)2
−
(
4A′(z) +
Ω′(z)
Ω(z)
)′
=
β2k
(
β2(k − 1)z2 + 1
)
(
β2z2 + 1
)2 . (45)
Note that it is independant of the brane thickness parameter δ. The shape of effective potential is
plotted in figure (7). As the figure shown, with the increase of β or the decrease of k, the potential
well becomes thinner and deeper. The potential is a modified volcano-type potential since it has
the following asymptotic behaviors: it tends to zero at z → ∞, and at z = 0, the potential reaches
11
(a)β = 2 (b)k = −7
FIG. 7: Plots of the effective potential for KR field with different parameters k and β.
its minimum β2k when k < 0. For this type of volcano-like potential, there is no mass gap to
separate zero mode from the KK massive modes, but there may exist some resonant modes of KR
field. For the zero mode, the normalization condition is
∫ +∞
−∞
(
1 + z2β2
)k
dz < ∞, (46)
which is finite for k < −1
2
. So the zero mode can be localized on the brane under the condition
k < −1
2
. In the following, we use the numerical method given in Refs. [39–41] to find the resonant
states of KR field for this potential, where the authors defined a relative probability, and the large
relative probability P for massive KK modes indicates the existence of resonances. Here, for
instance, we set the parameters as β = 0.2, k = −21 and find two or one resonant state. When
the wave functions are either even-parity or odd-parity, the shapes of the relative probability are
plotted respectively in Fig. 8, where the masses of resonances are marked as m2 = 2.908, 4.524 or
m2 = 3.839. Correspondingly, the wave function of resonances for even-parity or odd-parity KR
field are plotted in Fig. 9.
If we choose another two sets of parameters as β = 0.32, k = −21, or β = 0.2, k = −15, the
shapes of the relative probability for even-parity state are plotted in Fig. 10. Comparing Fig.8 with
Fig.10 , we find the mass of the first resonant KK mode increases with β and the absolute value of
k (i.e., |k|). Here, we just list the mass spectra for the even-parity resonant state in Table I.
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(a) (b)
FIG. 8: Plots of the relative probability for even-parity or odd-parity KR field with the parameters k = −21
and β = 0.2.
(a)m2 = 2.908 (b)m2 = 4.524
(c)m2 = 3.839
FIG. 9: Plots of the wave function of even-parity or odd-parity resonances with k = −21 and β = 0.2.
V. CONCLUSION
In this letter we investigate the localization of Kalb-Ramond gauge field on a non-flat dS brane.
There are three important parameters β, δ and k in our model, which describe the expanding of
13
(a)β = 0.32, k = −21 (b)β = 0.2, k = −15
FIG. 10: Plots of the relative probability of resonances for even-parity KR field with different parameters
k and β.
TABLE I: The masses of first even-parity resonance in relation to β and k.
β (k=-21) m2 k (β = 0.2) m2
0.2 1.889 -15 1.889
0.32 4.999 -21 2.908
0.4 8.025 -25 5.944
0.5 12.067 -30 7.742
the dS brane, the thickness of the brane, and the power of the coupling function, respectively. We
mainly investigate the effects of these parameters on the localization and seek for the localization
mechanism for KR field.
The first coupling φk does not guarantee the localization of KR tensorial zero modes. The
reason for such a behavior is that the background solution of the parameter δ exactly breaks the
localization condition. Secondly, by choosing the coupling coskφ, the effective potential is PT-like
potential influenced by three parameters β, η and k, and the KR field zero mode can be localized on
the brane under the condition k > δ. With the increase of β and k, or the decrease of δ, the effective
potential becomes deeper and thinner. A set of analytic solutions for the mass spectra and wave
function for the KK modes are obtained. Finally, for the third case, the effective potential with
negative k is a volcano-like one which indicates the possibility of appearance of resonant modes.
The zero mode of KR field can be localized on this thick brane under the condition k < −1/2. The
numerical analysis of resonant state reveals that the volcano-like potential is affected by only two
14
parameters β and k, and it becomes thinner and deeper with the increase of β and |k|. As is shown
in Table I, the mass of the first resonant mode also increases with the values of β and |k|.
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